We prove the existence of Hudson Parthasarathy dilation of a quantum dynamical semigroups on B(H), which is symmetric with respect to the canonical normal trace on it.
Introduction
Dilation of quantum dynamical semigroups (QDS) using quantum stochastic calculus is one of the most interesting and important problem of Quantum Probability (see [2, 16, 13, 9] ). It is known that a QDS with bounded generator always admits Hudson-Parthasarathy (HP) dilation (see [16, 10] ). Construction of such dilation amounts to solving quantum stochastic differential equation (QSDE) with bounded coefficients, and prescribed initial values and proving the unitarity of the solution. Such unitary solution always exists as long as the coefficients are bounded [16, 10] . For a QDS with unbounded generator, no such results are known in general. However, certain sufficient conditions on the unbounded operator coefficients for e.g. [16, p.174] , [8, 4, 12, 11, 1] are known using which one can solve QSDE with unbounded coefficients. Using these techniques, the authors of [16] proved the existence of Hudson-Parthasarathy dilation of symmetric QDS which are covariant with respect to the action of a Lie group [16, Theorem 8.1.23 ]. The key fact that allowed them to construct such dilations is the existence of a "nice" dense subspace within the domain of the adjoints of the coefficients. Such subspaces may not exist in general. In this paper, we will show that in context of B(H), symmetry with respect to the canonical trace is sufficient to ensure the existence HP dilation of a QDS and hence the assumption of covariance is not required.
X s (a R (ds) + a † S (ds) + Λ T (ds) + Ads (ve(g)),
for all v ∈ h, g ∈ L 2 (R + , k 0 ) with t 0 g(s) 4 ds < ∞ for all t. R, S, T and A will be called the coefficients associated with a QSDE of the form (1).
Quantum Dynamical Semigroup
Let A be a unital C * or von-Neumann algebra. A semigroup of bounded operators (T t ) t≥0 on A will be called a quantum dynamical semigroup (QDS for short), if T t is a strongly continuous (in the norm or ultraweak topology accordingly as A is a C * or von-Neumann algebra), completely positive real map for each t ≥ 0. A QDS is called conservative if T t (1) = 1.
Let L be the generator of a QDS (T t ) t≥0 on A ⊆ B(H). L is said to have a ChristensenEvans form if there exists a Hilbert space K, a densely defined operator R ∈ Lin(H, K), a representation ρ : A → B(K) and a self-adjoint operator H ∈ Lin(H, H) such that
for all x ∈ Dom(L). It is known (see [5, 7] ) that if L is a bounded operator, it has Christensen-Evans form.
Conversely given a map which has Christensen-Evans form, under some additional hypotheses one can construct a minimal QDS on A, associated to this map. We refer to [16, p.39] , [11, 4] for more discussions on minimal semigroup. Definition 2.2. Let A be a C * or von-Neumann algebra equipped with a faithful, lowersemi-continuous trace τ. Suppose that (T t ) t≥0 is a QDS on A. Then (T t ) t≥0 is said to be symmetric with respect to τ if τ (T t (x)y) = τ (xT t (y)) for all x, y ∈ A .
A symmetric QDS always extends to a C 0 semigroup of self-adjoint operators in the Hilbert space L 2 (τ ). We will denote by L 2 , the generator of the L 2 (τ )-extension of the symmetric QDS. We refer the reader to [16, p.61-68] , [6] for a detailed discussion of symmetric QDS. Theorem 3.2.30 in page 65 of [16] and Theorem 3.2.31 in page 68 of [16] together implies that the generator of a symmetric QDS, under some conditions, has a Christensen-Evans form.
Hudson-Parthasarathy dilation of a quantum dynamical semigroup
Definition 2.3. A Hudson-Parthasarathy dilation (HP dilation for short) of a QDS (T t ) t≥0 on a C * or von-Neumann algebra A ⊆ B(h) is given by a family (U t ) t≥0 of unitary operators acting on h ⊗ Γ, such that the following holds:
(i) U t satisfies a QSDE of the form (1) with initial condition U 0 = I.
(ii) For all u, v ∈ h, x ∈ A,
It is known that QDS with bounded generator always admits HP dilation (see [16, 10] ). Some partial results are also known for QDS with unbounded generator (see [16, 4, 1] ).
The main goal of this paper is to prove the following theorem:
Theorem 2.4. Suppose (T t ) t≥0 is a conservative, symmetric QDS on B(h) (symmetric with respect to the canonical trace), with ultraweak generator L. Then (T t ) t≥0 always admits an HP dilation.
Before proving Theorem 2.4, we recall some facts about unbounded derivations in the next section. We refer the reader to [3] for more discussions on the topic.
Unbounded derivations.
For a Hilbert space H, let K(H) denote the space of compact operators on H. A derivation δ ∈ Lin(A, A), where A is a * -algebra, is called symmetric if δ(A * ) = δ(A) * .
Proposition 3.1. [3, p.238] Let δ be a symmetric derivation defined on a * -subalgebra D of the bounded operators in a Hilbert space H. Let Ω ∈ H be a unit vector, cyclic for D in H and denote the corresponding state by ω (i.e. ω(x) = Ω, xΩ ). Suppose we have
for some constant L. Then there exists a symmetric operator H on H such that
where [H, x] := Hx − xH.
Lemma 3.2. Let δ be a symmetric derivation on B(H), such that Dom(δ) is dense in the weak operator topology. Assume that Dom(δ) is closed under holomorphic functional calculus and Dom(δ) ∩ K(H) = {0}. Then Dom(δ) contains a rank-one projection.
Proof. The proof is an adaptation of the arguments given in [3] :
Suppose B ∈ Dom(δ) ∩ K(H) and C = B * B. Choose an eigenvalue λ of C and let E λ be the associated finite rank spectral projection. Then
where Γ is such that it contains the isolated point λ.
, where f (·) is a holomorphic function which is 1 in a small simply-connected open region around λ. Thus E λ ∈ Dom(δ). Now choose a projection P such that
Thus for large n, E λ A n E λ has a simple eigenvalue in a neighbourhood around 1. Let E be the finite-rank projection. Then considering a curve around that simple eigenvalue, we can conclude that E ∈ Dom(δ) by a similar argument. 2 Lemma 3.3. Let δ be a symmetric derivation satisfying the hypotheses of Lemma 3.2. Then there exists a symmetric operator H on H such that Dom(H) := Dom(δ)Ω and δ(x) = i[H, x] for all x ∈ Dom(δ), for some Ω ∈ H, Ω = 1.
Proof. Let E be the finite rank projection as obtained in Lemma 3.2. Suppose that Ω ∈ Ran(E) such that Ω = 1. Let ω(x) = Ω, xΩ . Then 
for u ∈ Dom(H), v ∈ H; where F t is the generalized resolution of identity.
Existence of HP-dilation
We will call a map T ∈ Lin(A, A), a conditionally completely positive map, if the kernel 
2 ). Note that with respect to the C * -subalgebra K(H), the Dirichlet form associated with the semigroup is a C * -Dirichlet form since the * -subalgebra β is norm dense in K(H). So the set of results in [6, • There exists a K(H) − K(H) Hilbert-bi-module K and a π-derivation δ 0 : β → K such that
where
for x, y ∈ β, e ∈ K(H) where π is the left action of K(H) on K.
so that vectors of K of the form δ 0 (x) for x ∈ Dom(L 2 ) belongs to Dom(R * 0 ) and hence
We also have δ 0 (x)y = (R 0 x − π(x)R 0 )y for x, y ∈ β.
Without loss of generality, we may suppose that π : K(H) → B(K) is a non-degenerate C * -representation. Thus it is equal to a direct sum of irreducibles which are unitarily equivalent to the identity representation. So π extends to B(H) as a unital normal representation, which we again denote by π. Now by GNS construction with respect to tr H , (2) and (3) hold with R 0 replaced by R := ΣR 0 and we have the identity δ(
is an orthonormal basis for k 0 and λ i ∈ C}.
Proof. Note that δ : β → B(H) ⊗ k 0 is a derivation satisfying the identity δ(xy) = δ(x)y + (x ⊗ 1 k 0 )δ(y) for x, y ∈ β. Let us define θ i 0 (·) := δ(·), e i . Since δ is a derivation, it follows that θ i 0 (·) is a derivation and Dom(θ i 0 ) = β, for each i ∈ IN . We prove that tr H (θ i 0 (xy)) = 0 for all x, y ∈ β, i ∈ IN, which will imply the result.
Then we have δ = δ 1 + iδ 2 and Dom(δ 1 ) = Dom(δ 2 ) = β. Moreover, δ 1 and δ 2 are symmetric derivations. By Lemma 7.2 in page.103 of [6] , β is closed under C 1 functional calculus and thus it is closed under holomorphic functional calculus. So by Lemma 3.2, Dom(δ 1 ) contains a finite rank operator. Hence by Lemma 3.3, δ 1 (x) = i[T, x] for some symmetric operator T acting on H and we have Dom(T ) := Dom(δ 1 )Ω, where Ω ∈ H is cyclic for Dom(δ 1 ). Now suppose dim(T − iI) ⊥ = dim(T + iI) ⊥ . Let K denotes the Naimark extension of T as described in Proposition 3.4, so that K = K * . Let P : H → H be the orthogonal projection. Let H be decomposed in the basis of P i.e. H = H ⊕ H ⊥ . With respect to this decomposition, an operator S ∈ B( H) can be viewed as a matrix S 11 S 12 S 21 S 22 , where 
. Consider the automorphism group (α t ) t∈R defined by α t (X) = e itK Xe −itK for X ∈ B( H). Let A denote the generator of this group. Then we have A(X) = i[K, X], for X ∈ Dom(A). Furthermore, we have tr
for all X, Y ∈ β. Likewise, one may prove tr H (δ 2 (XY )) = 0 for X, Y ∈ β. Thus we have tr H (θ i 0 (xy)) = 0 for x, y ∈ β. Observe that if the deficiency indices of T, i.e. the numbers dim(T − iI) ⊥ and dim(T + iI) ⊥ are equal, then T has a self-adjoint extension which belongs to Lin(H, H). Then we may repeat the same argument as above and reach the same conclusion. Hence the lemma is proved. 2
Proof. The QDS (T t ) t≥0 is * -preserving i.e. T t (x * ) = (T t (x)) * for each t ≥ 0 and x belonging to B(H). Thus Dom(L 2 ) is a * -closed subspace. Using the fact that tr H (xα t (y)) = tr H (α −t (x)y), (α t ) t∈R + being the automorphism group constructed in the proof of Lemma 4.1 and the fact that tr H θ i 0 (xy) = 0 for all x, y ∈ β, it can be easily shown that θ i * 0 is also a derivation and
Observe
so by an application of the Cauchy-Schwartz inequality, we have i≥1
Note that Dom(L 2 ) becomes a * -subalgebra which is ultraweakly dense in B(H) as well as dense in
. We now return to the proof of the main Theorem.
Theorem 4.3. Suppose (T t ) t≥0 is a conservative QDS on B(H) which is symmetric with respect to the canonical trace on B(H). Let L be the ultraweak generator of (T t ) t≥0 and L 2 be the generator of the L 2 extension of (T t ) t≥0 . Then (T t ) t≥0 always admits HP dilation.
Proof. Consider the following QSDE:
with the initial condition V 0 = id. We will prove that there exists an unitary co-cycle (U t ) t≥0 which is a solution for the above QSDE. The coefficient matrix associated with
and (e i ) i∈IN be an orthonormal
By Lemma 4.1 that ωξ := ω ⊗ ξ ∈ Dom(R * ). Thus
which implies that sup n≥1 Z (n) ξ ω < ∞. We next prove the following:
for ω ∈ Dom(L 2 ), η, ξ ∈ V 0 . We have
for ω ∈ Dom(L 2 ). Existence of the limit in (6) now follows from the above two limits. Thus by Theorem 7.2.1 in page 174 of [16] , there exists a contractive cocycle (U t ) t≥0 satisfying the QSDE in (5). We will prove that the coefficients associated to the QSDE in (5), satisfy the hypotheses of Theorem 7.2.3 in page 179 of [16] . Hence it will follow that (U t ) t≥0 is an unitary cocycle, which will give the required HP dilation of the semigroup (T t ) t≥0 .
Since the coefficient matrix is of the form
(ii) of Theorem 7.2.3 in [16, p.179] will hold for Z, once we prove that the minimal QDS associated with the map
, is conservative (see condition (v) of Theorem 3.2.16 in p.47 of [16] ). Let ( T t ) t≥0 denote the minimal semigroup associated with the above map and supposẽ L be its generator. We claim that Dom(L 2 ) ⊆ Dom(L). Fix any a ∈ Dom(L 2 ). Let D denote the linear span of operators of the form (1 + R * R) −1 σ(1 + R * R) −1 for σ belonging to B 1 (L 2 (tr H )). Let tr denote the canonical trace of B(L 2 (tr H )). Using explicit forms of L andL, we see that tr(L(a)ρ) = tr(a L * (ρ)) for ρ ∈ D, where L * denote the generator of the predual semigroup of ( T t ) t≥0 . It is known (by Lemma 3.2.5 in p.42 of [16] ) that D is a core for L. So we have tr(L(a)ρ) = tr(a L * (ρ)) for all ρ ∈ Dom( L * ). Following the proof of Lemma 8.1.22 in p.204 of [16] , we have L(a) = L(a). This implies that Dom(L 2 ) ⊆ Dom( L) and as Dom(L 2 ) is a core for L, we have Dom(L) ⊆ Dom( L) and L(a) = L(a) for all a ∈ Dom(L). Now the symmetric QDS (T t ) t≥0 is conservative. Thus we have 1 ∈ Dom(L) and L(1) = 0 which implies that L(1) = 0. Thus the minimal semigroup ( T t ) t≥0 is conservative. Hence by Theorem 7.2.3 in p.179 of [16] , the cocycle (U t ) t≥0 is unitary, which completes the proof. 2
Introduction
Dilation of quantum dynamical semigroups (QDS) using quantum stochastic calculus is one of the most interesting and important problem of Quantum Probability (see [2, 16, 13, 9] ). It is known that a QDS with bounded generator always admits Hudson-Parthasarathy (HP) dilation (see [16, 10] The key fact that allowed them to construct such dilations is the existence of a "nice" dense subspace within the domain of the adjoints of the coefficients. Such subspaces may not exist in general. In this paper, we will show that in context of B(H), symmetry with respect to the canonical trace is sufficient to ensure the existence HP dilation of a QDS and hence the assumption of covariance is not required.
Notations and terminologies

Quantum Stochastic flows of Hudson-Parthasarathy type
We shall refer the reader to [13, 2, 16, 9] and references therein for the basics of quantum stochastic calculus. We will adopt the Hudson-Parthasarathy formalism of quantum stochastic calculus, which we very briefly review here. We will consider the coordinate free version of the quantum stochastic calculus, as discussed in [16] . All the Hilbert spaces appearing in this article will be separable and for a Hilbert space H we shall denote by 1 biswarupnow@gmail.com 2 Indian Statistical Institute, Kolkata.
Γ(H) and Γ f (H), the symmetric and free Fock space over H respectively. Lin(V, W) will denote the space of linear(possibly defined on a subset of V) maps from a vector space V to another vector space W. By Dom(L) and Ran(L), we will denote respectively the domain and range of a possibly unbounded operator L on a Banach space.
Definition 2.1. We say that a family of maps (X t ) t≥0 belonging to Lin(h ⊗ Γ, h ⊗ Γ) (where Γ := Γ(L 2 (R + , k 0 ))), is a Hudson-Parthasarathy flow, where k 0 is the Hilbert space (1 ≤ dim k 0 ≤ ∞) of noise or multiplicity, if it satisfies a quantum stochastic differential equation (QSDE for short) of the form :
with prescribed initial value
Here a R (dt), a † S (dt), and Λ(dt), are the annihilation, creation and number fields respectively. We refer the reader to [16] for a detailed discussion on the coordinate free formalism of quantum stochastic calculus.
We note that the above QSDE has to be interpreted as the strong integral equation:
Quantum Dynamical Semigroup
Let A be a unital C * or von-Neumann algebra. A semigroup of bounded operators (T t ) t≥0 on A will be called a quantum dynamical semigroup (QDS for short), if T t is a strongly continuous (in the norm or ultraweak topology accordingly as A is a C * or von-Neumann algebra), completely positive real map for each t ≥ 0. A QDS is called conservative if
Conversely given a map which has Christensen-Evans form, under some additional hypotheses one can construct a minimal QDS on A, associated to this map. We refer to [16, p.39] , [11, 4] for more discussions on minimal semigroup. Definition 2.2. Let A be a C * or von-Neumann algebra equipped with a faithful, lowersemi-continuous trace τ. Suppose that (T t ) t≥0 is a QDS on A. Then (T t ) t≥0 is said to be symmetric with respect to τ if τ (T t (x)y) = τ (xT t (y)) for all x, y such that T t (x)y ∈ Dom(τ ).
A symmetric QDS always extends to a C 0 semigroup of self-adjoint operators in the Hilbert space L 2 (τ ). We will denote by L 2 , the generator of the L 2 (τ )-extension of the symmetric QDS. We refer the reader to [16, p.61-68], [6] for a detailed discussion of symmetric QDS. Theorem 3.2.30 in page 65 of [16] and Theorem 3.2.31 in page 68 of [16] together implies that the generator of a symmetric QDS, under some conditions, has a Christensen-Evans form. (ii) For all u, v ∈ h, x ∈ A,
Hudson-Parthasarathy dilation of a quantum dynamical semigroup
Unbounded derivations.
For a Hilbert space H, let K(H) denote the space of compact operators on H. A derivation δ ∈ Lin(A, A), where A is a * -algebra, is called symmetric if δ(A * ) = δ(A) * . Proof. The proof is an adaptation of the arguments given in [3] :
, where f (·) is the holomorphic function f (z) = z, z ∈ C. Thus E λ ∈ Dom(δ). Now choose a projection P such that E λ P E λ = P. Get A n ∈ Dom(δ) such that A n = A * n and A n SOT → P. We have
→ E λ P E λ which implies that E λ A n E λ − E λ P E λ → 0 since the C * -algebra E λ B(H)E λ is of finite dimension. Thus for large n, E λ A n E λ has a simple eigenvalue in a neighbourhood around 1, by lemma 3.2. Let E be the finite-rank projection. Then considering a curve around that simple eigenvalue, we can conclude that E ∈ Dom(δ) by a similar argument. 2 Lemma 3.4. Let δ be a symmetric derivation satisfying the hypotheses of Lemma 3.3. Then there exists a symmetric operator H on H such that Dom(H) := Dom(δ)Ω and δ(x) = i[H, x] for all x ∈ Dom(δ), for some Ω ∈ H, Ω = 1.
Proof. Let E be the finite rank projection as obtained in Lemma 3.3. Suppose that Ω ∈ Ran(E) such that Ω = 1. Let ω(x) = Ω, xΩ . Then
so that by Proposition 3.1, we have the required result. 2 Proposition 3.5. [14, 15] If H is a densely defined symmetric operator on H such that
Then there exists a Hilbert space H ⊇ H and a self-adjoint operator K acting on H such that K| H = H and we have the integral representation
Existence of HP-dilation
Let tr H denote the canonical trace of B(H). Observe that in this case, the Hilbert space L 2 (tr H ) is identified with the space of Hilbert-smith operators on H which we denote by B 2 (H). Let L 2 denote the restriction of L to B 2 (H) and B denote the associated Dirichlet algebra. Clearly
2 ). Note that with respect to the C * -subalgebra K(H), the Dirichlet form associated with the semigroup is a C * -Dirichlet form since the * -subalgebra B is norm dense in K(H). So the set of results in [6, p.84-p.89, p.91, p.96.] gives the following:
• There exists a K(H) − K(H) Hilbert-bi-module K and a π-derivation δ 0 : B → K such that
for x, y ∈ B, e ∈ K(H) where π is the left action of K(H) on K.
• δ 0 viewed as an element of Lin(L 2 (tr H ), K)) denoted by R 0 , has domain B such that
We also have δ 0 (x)y = (R 0 x − π(x)R 0 )y for x, y ∈ B.
Without loss of generality, we may suppose that π :
Thus it is equal to a direct sum of irreducibles which are unitarily equivalent to the identity representation. So π extends to B(H) as a unital normal * -representation, which we again denote by π. Now by GNS construction with respect to tr H , B(H) ⊆ B(L 2 (tr H )). Thus there exists an isometry Σ : K → L 2 (tr H ) ⊗ k 0 , for some separable Hilbert space k 0 such that π(x) = Σ * (x ⊗ 1 k 0 )Σ and ΣΣ * commutes with
Moreover, equations (2) and (3) hold with R 0 replaced by R := ΣR 0 and we have the
is an orthonormal basis for k 0 and λ i ∈ C}. We make an easy observation at this point: Lemma 4.1. Suppose that (T t ) t≥0 is an ultraweakly continuous C 0 (in the ultraweak topology) contractive semigroup on B(H), with generator C. Let Z ⊆ B(H) is a subspace of B(H) which is closed with respect to a locally convex topology (LCT for short) given by a family of seminorms, say (p α ) α . Suppose that (T t ) t≥0 restricted to Z becomes a C 0 (with respect to the LCT described above) semigroup, with generator say C. Then if x ∈ Dom(C) ∩ Z such that C(x) ∈ Z, then x ∈ Dom( C) and C(x) = C(x).
Proof. Let x ∈ Dom(C)∩ Z. Since (T t ) t≥0 is a C 0 semigroup with respect to the ultraweak topology of B(H), we have T t (x) − x = t 0 ds T s (C(x) ), where the integral in convergent in the ultraweak topology. Moreover, as T t is a contraction for each t ≥ 0, t 0 ds T s (C(x)) ∈ B(H). But we have C(x) ∈ Z and as (T t ) t≥0 restricted to Z is a C 0 semigroup with respect to the LCT described in the hypothesis, the integral also converges in this LCT, which implies that 
Let its generator be denoted by A. Note that A is also a derivation. It is easy to see that Observe that if the deficiency indices of T, i.e. the numbers dim(T − iI) ⊥ and dim(T + iI) ⊥ are equal, then T has a self-adjoint extension which belongs to Lin(H, H). Then we may repeat the same argument as above and reach the same conclusion. Hence the lemma is proved. 2
Proof. The QDS (T t ) t≥0 is * -preserving i.e. T t (x * ) = (T t (x)) * for each t ≥ 0 and x belonging to B(H). Thus Dom(L 2 ) is a * -closed subspace. We prove that
It also follows immediately by using tr H (θ i 0 (xy)) = 0 for x, y ∈ B that , where S = −iT 1 − T 2 . We prove this as follows:
, in particular for y ∈ D, it follows that [S, x] ∈ B(H) for x ∈ Dom(θ * i 0 ), S as described above and hence proved.
Now we have Dom(
Note that Dom(L 2 ) becomes a * -subalgebra which is ultraweakly dense in B(H) as well as dense in L 2 (tr H ) (i.e. in the norm · 2 ). Dom(L 2 ) is also a core for the Dirichlet form E(·, ·). Furthermore we have T t (Dom(L 2 )) ⊆ Dom(L 2 ). Thus it is also a core for L. Moreover, since Dom(L 2 ) is an algebra, we have [16, Chapter 3] ). We now return to the proof of the main Theorem.
Theorem 4.4. Suppose (T t ) t≥0 is a conservative QDS on B(H) which is symmetric with respect to the canonical trace on B(H). Let L be the ultraweak generator of (T t ) t≥0 and L 2 be the generator of the L 2 extension of (T t ) t≥0 . Then (T t ) t≥0 always admits HP dilation.
with the initial condition V 0 = id. We will prove that there exists an unitary co-cycle (U t ) t≥0 which is a solution for the above QSDE. The coefficient matrix associated with the above QSDE is Z = − 1 2 R * R −R * R 0 .
and (e i ) i∈IN be an orthonormal basis for k 0 . For ξ ∈ V 0 , supposeξ := 1 ⊕ ξ. We first prove that for ω ∈ Dom(L 2 ), sup n≥1 Z (n) ξ ω 2 < ∞. We have
By Lemma 4.2 we have ωξ := ω ⊗ ξ ∈ Dom(R * ). Thus
Since the coefficient matrix is of the form Z = − 
, is conservative (see condition (v) of Theorem 3.2.16 in p.47 of [16] ). Let ( T t ) t≥0 denote the minimal semigroup associated with the above map and supposẽ L be its generator. We claim that Dom(L 2 ) ⊆ Dom(L). Fix any a ∈ Dom(L 2 ). Let D denote the linear span of operators of the form (1 + R * R) −1 σ(1 + R * R) −1 for σ belonging to B 1 (L 2 (tr H )). Let tr denote the canonical trace of B(L 2 (tr H )). Using explicit forms of L andL, we see that tr(L(a)ρ) = tr(a L * (ρ)) for ρ ∈ D, where L * denote the generator of the predual semigroup of ( T t ) t≥0 . It is known (by Lemma 3.2.5 in p.42 of [16] ) that D is a core for L. So we have tr(L(a)ρ) = tr(a L * (ρ)) for all ρ ∈ Dom( L * ). Following the proof of Lemma 8.1.22 in p.204 of [16] , we have L(a) = L(a). This implies that Dom(L 2 ) ⊆ Dom( L) and as Dom(L 2 ) is a core for L, we have Dom(L) ⊆ Dom( L) and L(a) = L(a) for all a ∈ Dom(L). Now the symmetric QDS (T t ) t≥0 is conservative. Thus we have 1 ∈ Dom(L) and L(1) = 0 which implies that L(1) = 0. Thus the minimal semigroup ( T t ) t≥0 is conservative. Hence by Theorem 7.2.3 in p.179 of [16] , the cocycle (U t ) t≥0 is unitary, which completes the proof.
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